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BIRTH OF THE SHAPE OF A REACHABLE SET∗
ELENA GONCHAROVA† AND ALEXANDER OVSEEVICH‡
Abstract. We study reachable sets of linear dynamical systems with geometric constraints
on control. The main result is the existence of a limit shape of the reachable sets as the terminal
time tends to zero. Here, a shape of a set stands for the set regarded up to an invertible linear
transformation.
Key words. Linear dynamical system, reachable sets.
AMS subject classifications. 93B03, 34H05
1. Problem statement. Consider the following linear control system:
x˙ = Ax+Bu, x ∈ V = Rn, u ∈ U ⊂ U = Rm, (1.1)
where U is a central symmetric convex body inRm. Given T > 0, we get the reachable
set D(T ) being the set of the ends {x(T )} at time T of all admissible trajectories of
system (1.1) such that x(0) = 0. We study the asymptotic behavior of the reachable
sets D(T ) as T → 0. The problem is not as trivial as it may seem, since the obvious
answer D(T )→ {0} is not good enough. Of course, D(T ) is small with a small T . Still
we can look at it through a kind of microscope and see fine details of its development,
in particular, its shape, where a shape of a set is the set regarded up to an invertible
linear transformation. For instance, consider a rather trivial system (1.1), where
A = 0, B = 1, and U is the unit ball B1 in R
n = Rm. Then D(T ) = TB1, and
the reachable set has the shape of a ball at any time T > 0. In our example, for all
T > 0, the sets D(T ) have the same shape, so that there exists a limit of the shapes
as T → 0, and this limit is not zero, but the shape of a ball.
In this paper we will show that, for any completely controllable linear system,
shapes of the reachable sets converge as time tends to zero. We will give an estimate
for the rate of convergence. The paper can be regarded as the T → 0 counterpart of
the results [1] on the large-time dynamics of the reachable sets, where the existence
of a limit shape has been established.
2. Shapes of reachable sets. There is a well developed mathematical concept
of shapes, see [1]. Consider the metric space B of central symmetric convex bodies
with the Banach-Mazur distance ρ:
ρ(Ω1,Ω2) = log(t(Ω1,Ω2)t(Ω2,Ω1)), t(Ω1,Ω2) = inf{t ≥ 1 : tΩ1 ⊃ Ω2}.
The general linear group GL(V) naturally acts on the space B by isometries. The
factorspace S is called the space of shapes of central symmetric convex bodies, where
the shape ShΩ ∈ S of a convex body Ω ∈ B is the orbit ShΩ = {gΩ : det g 6= 0} of
the point Ω with respect to the action of GL(V). The Banach-Mazur factormetric
ρ(ShΩ1, ShΩ2) = inf
g∈GL(V)
ρ(gΩ1,Ω2)
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makes S into a compact metric space. If ρ(Ω1(T ),Ω2(T ))→ 0 as T → 0, the convex
bodies Ω1 and Ω2 are asymptotically equal, and we write Ω1(T ) ∼ Ω2(T ). The
asymptotic equivalence of shapes is defined similarly.
3. Main result: Autonomous case. We assume that system (1.1) is time-
invariant and the Kalman controllability condition holds. The Kalman condition
ensures that the reachable sets D(T ) to system (1.1) are central symmetric convex
bodies in Rn. In what follows, the convergence of shapes of reachable sets is under-
stood in the sense of the Banach-Mazur metric.
Theorem 3.1. The shapes ShD(T ) have a limit Sh0 as T → 0. The Banach–
Mazur distance ρ(ShD(T ), Sh0) is O(T ).
This means that there exists a time independent convex body Ω such that
D(T ) ∼ C(T )Ω,
where C(T ) is a matrix function. The Banach-Mazur distance between the left- and
the right-hand sides of the latter formula is O(T ).
The proof of Theorem 3.1 is based on two easy lemmas, and the use of the
Brunovsky normal form of a controllable system.
Lemma 3.2. Consider the linear system
x˙ = A˜x+ B˜u, u ∈ U, (3.1)
obtained from system (1.1) by adding a linear feedback, that is, A˜ = A + BC and
B˜ = B. Then the Banach–Mazur distance ρ(D(T ), D˜(T )) is O(T ) as T → 0, where
D(T ) and D˜(T ) are the reachable sets to systems (1.1) and (3.1), respectively.
Lemma 3.3. Consider the linear system
x˙ = A˜x+ B˜u, u ∈ U, (3.2)
obtained from system (1.1) by a gauge transformation, where A˜ = C−1AC, B˜ =
C−1B, and C is an invertible matrix. Then Sh D˜(T ) = ShD(T ), where D˜(T ) is the
reachable set to system (3.2).
From the Lemmas it follows that applying gauge transformations coupled with
adding a linear feedback do not affect the validity of Theorem 3.1. However, by means
of these transformations, a general system (1.1) can be reduced to the Brunovsky
normal form [3]. One can show that shapes ShD(T ) of reachable sets of the Brunovsky
system do not depend on T .
The Brunovsky classification is known to be closely related to the Grothendieck
theorem [4] on decomposition of vector bundles on P1 into a sum of linear bundles.
4. Non-autonomous case. Consider system (1.1), where now the data A, B,
and U are C∞-functions of time t ≥ 0. By a standard trick we make (1.1) into the
time-invariant system
τ˙ = 1,
x˙ = A(τ)x+B(τ)u.
Consider the Lie algebra L generated by the vector fields (1, A(τ)x) and (0, B(τ)u)
in R × V = Rn+1, where u ∈ Rm is a constant vector. Define L(τ, x) as the set of
the values at (τ, x) of all vector fields from L.
Assume that the following Kalman type condition holds:
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For each (τ, x) ∈ R × V the set L(τ, x) coincides with the entire
tangent space Rn+1. In other words,
dimL(τ, x) = n+ 1. (4.1)
Theorem 4.1. Let D(T ) be the reachable set to a non-autonomous system of the
form (1.1) and the genericity condition (4.1) hold. The shapes ShD(T ) have a limit
Sh0 as T → 0. Moreover, the Banach–Mazur distance ρ(ShD(T ), Sh0) is O(T ).
The proof is based on a reduction to the case A = 0 and a subsequent study of
the filtration F ∗k = {ξ ∈ V
∗ : B(t)∗ξ = O(tk)} of the dual space V∗.
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